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In this paper, exact solutions are constructed for stationary elec- 
tron beams that are degenerate in the Cartesian (x, y, z), axisymmetric 
(r,0, z), and spiral (in tim planes y = const (u, y, v)) coordinate systems. 
The degeneracy is determined by the fact that at least two coordinates 
in such a solution are cyclic or are integrals of motion. Mainly, rota- 
tional* beams are comidered. Invariant solutions for beams in which 
the presence of vorticityiresulted in a linear dependence of the elec- 
tric-field potential ~o on!the above coordinates were considered in [1]. 
In degenerate solutions, the presence of vorticity results in a quadratic 
or more complex dependence of the potential on the coordinates that 
are integrals of motion. In [2]*-:' and in a number of papers referred to 
in [2], the degenerate s(ates of irrotational beams are described. The 
known degenerate soluti4ns for rotational beams apply to an axisym- 
metric one-dimensional i(r) beam with an azimuthal velocity compo- 
nent [3] and to relativistic conical flow [1]. The equations used below 
follow from the system of electron hydrodynamic equations for a sta- 
tionary relativistic beam i 
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d e t e r m i n a c y  i s  r e m o v e d  if  the  s p e c i f i c  m e t h o d  of b e a m  

f o r m a t i o n  i s  t a k e n  in to  acco u n t .  

L e t  b e a m  ( 1 . 1 ) b e  f o r m e d  u n d e r  a x i s y m m e t r i c  and 

s t a t i o n a r y  c o n d i t i o n s .  T h e n  g and P0 a r e  i n t e g r a l s  of 

m o t i o n  and a r e  d e f i n e d  in t e r m s  of the  f i e ld  p o t e n t i a l s  

on the  c a t h o d e  s u r f a c e  r = rk(z) :  

g = - - c p ~ ( r k ) ,  p 0 = - - ~ A 0 ~ ( % ) .  (1.2) c 

The  e l e c t r o n  c u r r e n t  a long  z,  w h i c h  i s  b ounded  by 

the  t r a j e c t o r y  tube  

c I pu~2rlrdr = Y (r~), 
0 (1.3) 

i s  a l s o  an i n t e g r a l  of m o t i o n .  The  s e t t i n g  of t h e s e  q u a n -  

t i t i e s ,  w h i c h  a r e  d e t e r m i n e d  by c h a r a c t e r i s t i c s  of the  

gun,  adds  two d e f i c i e n t  c o n d i t i o n s  : g' = ~ (a) and p0 = 

-- p0(a) .  On the  o t h e r  h a n d ,  t he  p r o b l e m  can  be  f o r m u -  

l a t e d  a c t i v e l y  [4]: n a m e l y ,  d e t e r m i n e  the  c o n d i t i o n s  of 

b e a m  f o r m a t i o n  by a s s i g n i n g  the  m o t i o n  p a r a m e t e r s .  

Le t ,  f o r  e x a m p l e ,  t he  c a t h o d e  be e q u i p o t e n t i a t ,  ~o k = 

= - g = 0, and l e t  i t  be  r e q u i r e d  to c a l c u l a t e  the  b e a m  

in a h o m o g e n e o u s  m a g n e t i c  f i e ld  H in the  a b s e n c e  of 

r o t a t i o n  u 0 = 0. F r o m  (1.t.) f o l l o w s  the  s o l u t i o n  

e~:=eh)~a, u z - . - shs  A0- -  4= t[/- ' ,  9 -- 4nq r* ' 

p ~ - - 0 ,  a - - i n ( r / r 0 )  , r 0 = c o n s t ,  )~=:const .  

where q5 denotes orthogqnal coordinates with the metric tensor gB8 
(B = 1,2,8); Aa is the m~gnetic potential; Va = (ucju)c is the elec- 
tron velocity; p is the scMar space-charge density (p > 0); is the 
energy in eV; Pa is the generalized momentum of an electron per 
unit mass; ~is the electr~n charge-mass ratio. 

w 1. 8 o l e n o i d a l  b e a m s .  So lu t ions  a r e  c o n s t r u c t e d  

b e l o w  fo r  p l a n e  and a x i s y m m e t r i e  r o t a t i o n a l  b e a m s ,  

a l l  of w h o s e  p a r a m } t e r s  a r e  i n t e g r a l s  of  m o t i o n .  

1.1. An a x i s y m m e t r i e  and o n e - d i m e n s i o n a l  (r) 

b e a m  wi th  fou r  v e l 0 e i t y  c o m p o n e n t s  (0, u0,  Uz, and 

- u )  i s  d e s c r i b e d  by  the  e q u a t i o n s  

r d I dA0 ~I d d A  z __ t d ~ r  
u 0 dr r dr - -  u~r ~ r  r dr  ur dr r = 4~p,  

( i . I )  
U~ 7 UO 2 -t- Uz ~ i q d ~  i dp~ dp  z 

= ~ - l ,  7-U dr - -  f i  Z t O ~  q-Uz dr ' 

n A q - p ~ ,  cuo ~ @ Aoi + Po, cuz -~ -T7 

u = 7 ( q 0 + g )  + 1 .  

S y s t e m  (1.1) i m p o s e s  on ly  one  c o n d i t i o n  on t h e t h r e e  

a r b i t r a r y  f u n c t i o n s  g ( r ) ,  p 0 ( r ) ,  and  p z ( r ) .  T h i s  i n -  

H e n c e ,  we o b t a i n  the  f o r m a t i o n  c o n d i t i o n s  

I ~1 ca 
Pa -- Z 7 Hr2'  J=7~-~ )~(chs  j) 

w h e r e  r 0 i s  the  c h a r a c t e r i s t i c  r a d i u s  of the  b e a m .  

Le t  us  a s s u m e  tha t  when  $'= 0 and H 0 : 0 a n o n -  

r e l a t i v i s t i c  b e a m  m u s t  have  a u n i f o r m  ax ia l  v e l o c i t y  

Vz = V = c o n s t .  Then  i t  i s  e a s y  to ob ta in  

p~ -:  - -  A 0 in r 
Y0 ~ 

V~I~ - aVO ~ () 2 

.Q ,, 
P,~" Vo-- T r', 

d~ 2~ :,: ) V.,o <)~ I oo= ' 
n ~ , - - - , ~ v - - - Q  - ,. + - ~ - : - - 7 . -  

A o =- const, @ ]to ~ A o, ~., ]f~ -= ~2, 

(1.4) 

*Here and below, a rotational beam is a beam with a rotational 
field of generalized momentum. 

**Note that the second example in w of [2] is incorrect. 



where  r 0 and r~ a r e  c h a r a c t e r i s t i c  r a d i i ;  0, H 0, and 
H z a r e  the componen t s  of the e x t e r n a l  magne t i c  f ield;  
Q is  the cha rge  on an in t e rna l  rod  that  can be s i tua ted  
in the f ie ld  of the  beam.  

1.2. The s y s t e m  of equat ions  of a p lane ,  o n e - d i -  
mens ionM (x) beam with f o u r - v e l o c i t y  (0, Uy, u z, and 
- u )  has  the fo rm 

A~/  _ +4/' = ~p"-= 4~p, 

(1.5) 

- )  ~ : =  ++,,~,, + ,,+p+.', ~:p' _ +.,.,, ], 

u ~ = %= + u+, + + 1, 

cvv = +lc-~ Av  + p,~, c*+. = ~lc-~ A .  + p+. 

Sys tem (1.5) admi t s  of the i n t e g r a l  

01c-e) ~ [ (qJ)e- -  (Av')e-- (Az') ~] = - -  k ~ =  const .  (1 .6 )  

Let  the beam at a = 0 have a un i fo rm ve loc i t y  along 
the y - a x i s :  Uy= flu, /3= const .  In th i s  c a s e ,  

u = (t - -  [8=) -'/' ch% u~ = s h * ,  

4n qc -~ p = (,')~ -1- ~p" t h , ,  

Pu = (c/a)x,  p /  = - -  (c/a) ~ (t - -  g*)-'/? r 

a , '  sh~p = ~ (f - -  ~)-'/0 (aSh * - -  ~), 

where  a and c~ a r e  a r b i t r a r y  cons tan t s .  I n t eg ra t i on  of 
the l a s t  equat ion g ives  

~ x 2 A r  t h  a + t h  ~h 

x 

i c, s8:r ch  ~ 4a~l ~ ' ~ a  
J = c . 9uzdx  = 4an~ V V ~ - - #  ' ~ P = ~ t5i_-77a~. 

o 

A b e a m  with a un i fo rm s p a c e - c h a r g e  d e n s i t y  i s  o b -  

t a ined  if  

~ l c - ' g = ( t - - a )  u, p~ = ( l - - a )  cu , ,  

p~ = (t - a )  e u . ,  

then 

( 4 z n l / c  e) p = a k  ~, u ~ - B c h k x ,  

u u = B u s h k x ,  u~ ~ - B ~ s h k x ,  

where  B, By, and B z a r e  c o n s t a n t s ,  and B ~= B} + 
2 + B z. As d i s t i n c t  f r o m  an i r r o t a t i o n a !  b e a m  [2], t h e  

cha rge  dens i t y  is  i n c r e a s e d  by a f ac to r  of ~. 
1.3. A p lane  t w o - d i m e n s i o n a l  (x ,y)  beam with f o u r -  

v e l o c i t y  components  (0, Uy(X, z), 0, and - u )  s a t i s f i e s  
the  equat ions  

u 2 = u v z + l ;  ( r l / c )  u d g = u u d p u ,  (1.7) 

u u = (rl / c) A~I + P u '  

% \ O~"- + Oz'- / =  u \o~"- + ~ - ~ ) = 4 a p "  
F o r  p y =  = 0, the so lu t ion  is known [5]: 

u = c h / ,  u o = s h / ,  ( 4 ~ q / o ~ ) o = ( V / ) L  (1.8) 

o, 0 ~- ( o  0 o ) 
v V  = O, V~ =- ~ + oz~ ' V =  ~ 7  ' ' ~ " 

If we le t  u = chr and Uy = she  in (1.7), we obtain 

d/~- dt~ ) = I d / /  \ d,~ - -  t h ,  d,  / ,  

"q d ~  _ i h  ~ dp~ 
c d ,  ~ '  

f r o m  which i t  fol lows tha t  for  any dependence  ~b(f) 

c P ~ = s h ~ - - ~  ch~dJ ,  ~ , a g = c h x p - - ~  sh~d/,  

4=n d ,  n A ,  = ~ i ch ~p d/, 

i n__~_~ = a s h  r d l - -  t ,  (1.9) 
C 2 

where  a is  an a r b i t r a r y  cons tan t ,  In p a r t i c u l a r ,  when 
= f ,  so lut ion (1.9) d i f f e r s  f rom i r r o t a t i o n a l  so lu t ion  

(1.8) by the coef f i c ien t  a. 
1.4. An a x i s y m m e t r i c  t w o - d i m e n s i o n a l  ( r ,  z) beam 

with (0, u 0, 0, a n d - u )  i s  def ined by the equat ions  

, ( h  t )  Ao A(p 
--7 7 -  ~ 4~p, (1,10) 

A t 0 0 O" 
~ 7 77- r 57 + -bTr~-. ' 

t ~1 uo 
u =  W u 0 ~ + l ,  - - u d g  c = ~ dp, ,  

cuo = -~ Ao + Po. 
c 

The r e l a t i o n  P0 = ~?/w, where  w = cons t  is  the angu-  
l a r  ve loc i ty ,  l e a d s  to the ca se  of un i fo rm beam r o t a -  
t ion 

u= ( t - -B~) -vo ,  u 0 = r p ( 1 - - ~ ) - v  -', B=~r 

Here ,  s y s t e m  (1.10) r e d u c e s  to a l i n e a r  equat ion 
for  g '  

~ ,  ~ ~ 2c~ 
n u ~ ----~-~" ' (1.11) 

0"~if ' 1 + $2 t 0 g '  0~g '  = 0 .  
+'ijr z - - 1 - - ~  r Or -Jr- Oz z 

At t h e  n o n r e l a t i v i s t i c  l i m i t ,  i t  f o l l ows  f r o m  (1 .10 )  t h a t  

( ~ - • 1 7 6  =o ,  
r 2 ] r 2 

~l d i f  _ Vo ~l (~ + if) - -  V~176 4 g p  = A(p 
dPo r ~ , - -  ~ ' 

I f  a c e r t a i n  r e l a t i o n  P0 = F0(F) is g i v e n ,  t h e  f irst  t w o  e q u a t i o n s  r e -  

d u c e  to  o n e  for  F. Le t  P0 = r [F ,  w h e r e  r0 = cons t ;  t h e n  

2Tl~ = ro2F "., 2"q~ = (r'- - -  ro ~- ) F ~, 

A F +  2 r~"+ro " O F _ o .  
r r "~ - -  r o  2 O r  

i .  e . ,  t he  p r o b l e m  r e d u c e s  t o  a l i n e a r  e q u a t i o n  for  F. W h e n  F = w = 

= c o n s t ,  w e  o b t a i n  a n o n r e l a t i v i s t i e  e q u i v a l e n t  o f  t h e  e x a m p l e  e x -  

a m i n e d  a b o v e :  

n 0i f  
P0 = 'q i f ,  2~ 1 (~p -t- i f)  = o)~r"-, 4 a ~ p  = 20)3 - -  2 - 7 -  -07-  " 

o 



The function ~ must be found from (1.11) as t~ -* O. 

w 2. A r e l a t i v i s t i c  p l a n e  b e a m .  L e t  t he  b e a m  h a v e  a 
t w o - v a l u e d  v e l o c i t y  of  t h e  f o r m  u z  = :~w(z),  i . e . ,  l e t  

i t  c o n s i s t  of two s u b c u r r e n t s  t h a t  m o v e  in  o p p o s i t i o n  

a l o n g  t he  z - a x i s .  L e t  t he  s u b c u r r e n t  d e n s i t i e s  e q u a l  

p/2 and  g i v e  a t o t a l  c h a r g e  d e n s i t y  in  t he  b e a m  of p 

0 
~-z p w = O ,  9 = I / c w ,  [ = c o n s t .  (2.1) 

In t h i s  c a s e ,  t h e r e  i s  no b e a m  c u r r e n t  a l o n g  t he  

z - a x i s ,  bu t  t h e r e  i s  a s o - c a l l e d  r o t a t i o n a l  c u r r e n t  of 

I/2. 
Solutions are constructed below for beams with density (2.1), in 

which the electron current is directed along the cyclic coordinate. 
These beams can be interpreted as single-flow beams with the current 
I along the z-axis only when the limitation on beam width is sufficient 
to make the magnetic field of the current I negligible. 

2.1.  A p l a n e  i r r o t a t i o n a l  b e a m  w i t h  f o u r - v e l o c i t y  

c o m p o n e n t s  

u x (z), uy = a (z) sh  [ k x  -I- ~ (z)], u z = ~ w ,  u = a ch  [ k x  -~- ~ ] ,  

s a t i s f i e s  the  e q u a t i o n s  

I O"ux _ V++uy V~u 4 ~ q I  w ~ = a ~ - -  ux +" + 1, 
Ux OZ2 ~ y  b~ - -  C3Y) 

(2.2) 

w h e r e  V 2 i s  d e f i n e d  by  (1.8) .  T h e n  the  p r o b l e m  r e -  

d u c e s  to  a o n e - d i m e n s i o n a l  e q u a t i o n  f o r  a ,  Ux, and  r 

~,~ a" ~" 
~=" - ~" + k ~ + ( ~ ' ) ~ = ~ ,  2 - 

( <23) 
~ , ~ - - - - - ~ - [  a '  = . 

E q u a t i o n s  (2.3) a d m i t  t h e  i n t e g r a l s  

~ '  = a  - 2 d , ( a ' Y + k  ~ a  ~ - a  - 2 d  + =  
(2.4) 

= ~,"w + b  (b, d = c o n s t ) .  

T h e  c a s e  of  k =  0 i s  c o n s i d e r e d  in  [6]. Le t  u x =  0 

a n d k ~  0. T h e n  

I ~v~(w')~ = b - - U ,  
~ l + w  ~- 

(2.5) 
- -  w U _= ~- ~_%., (t + w ~ - -  rn~w - -  n % ~ ) .  

m~ = (k ~ + d ~) ~+-~, n ~ = k+-~-~ 

F o l l o w i n g  [7], we c a n  s a y  t h a t  Eq.  (2.5) d e s c r i b e s  

t he  m o t i o n  a f i c t i t i o u s  p a r t i c l e  w i t h  the  e n e r g y  b in a 

f i e l d  w i t h  t he  p o t e n t i a l  U. F r o m  Fig .  I we can  d e -  
t e r m i n e  t h e  r e v e r s a l  p o i n t  of t he  p a r t i c l e  Wm f o r  v a r -  
i ous  b. Wi th  a u n i f o r m  s p a c e  c h a r g e  (b = 0),  t h e r e  a r e  

two  r e v e r s a l  p o i n t s  : w = 0 and  w = w m .  In t h i s  c a s e ,  
t he  m o t i o n  i s  p e r i o d i c  and  can  be  r e p r e s e n t e d  a s  t he  
w a v e s  w a l o n g  t he  z - a x i s .  F o r  t he  w a v e l e n g t h  L (F ig .  
2) 

i XL 2 
0 

At the nonrelativistic limit, this solution becomes 

the known solution of [8], which describes that wavy 
perturbation of the potential along the z-axis which is 
superposed on a plane Brillouin beam. 
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i = ~Vl='2[ 

i i k .  / 2 2w 
*i [ i "++  i ! ~ 7, 

i i ! k  i 
i ~-J . . . . .  : i- ] 

t ; ? ' - - ~  I 

~ ~6 Zq +7 

Fig. 2 

2.2 .  T h e  s o l u t i o n  in the  p r e c e d i n g  p a r a g r a p h  can  be  

e x t e n d e d  to a r o t a t i o n a l  b e a m  w i t h  f o u r - v e l o c i t y  c o m -  
p o n e n t s  

0, u~ = a (z) sh kx, (2.5) 

u , =  _ w ( z ) ,  u = a ( z )  chkx .  

If we take the momentum py and the energy in the 
form 

Pv = cp sh kx,  ~l ~ = ca p ch kx,  (2.7) 

p = const,  k = const,  

t h e  e q u a t i o n  0?/c)ud ~ = uydpy  i s  s a t i s f i e d ,  and  i t  r e -  
m a i n s  to  s o l v e  t he  e q u a t i o n s  fo r  the  field::  

~ A  v __ ~2r~ __ 4•I 
ls U CW 

, c % = ~ A , j + p ~ ,  
c , 

u =  7~ ( ~ - - g ) + i .  
(2.8} 



F i g .  3 

Subs t i tu t ion  of (2.6) and (2.7) into {2.8) g i v e s  

;C- ~ , _  8a:~ 
a ~ + k ~ ( a - - p ) = ~ - ~ w a  , a ~ - - t = w  2, = - - - / g - I .  

As a r e s u l t ,  we ob t a in  an e q u a t i o n  f o r  w: 

t w~(w')~ _ b - -  U,  
;~ l + w ~  

U --  - -  [w ~ n~w ~ + 6 ( ] / t  + ~ - -  t)1 w" = dw/dz,  

b = c o n s t ,  n = k/~,, ~ = pk2s -~. 

(2.9) 

F i g u r e  3 g i v e s  g r a p h s  of  U(w), f r o m  which  we can  

f ind the  r e v e r s a l  po in t  Wm when U(wm) = b. 
In the  c a s e  of to t a l  s p a c e  c h a r g e  (b = 0), t he  e q u a -  

t ion  d e s c r i b e s  the  p e r i o d i c  w a v e s  w(z) wi th  a m p l i t u d e  
w m (F ig .  4) and the  l e n g t h  L: 

wm 
Z,L = 2 ~ wdw 

At the  n o n r e l a t i v i s t i c  l i m i t ,  we h a v e  

~,z = ~z -V' [arc sin V-~-w-- ] / a w  (l - -  o:w)l , 

a - -  n ~ - -  t / 2  6 .  

It  i s  a p p a r e n t  tha t  wi th  a r a t h e r  i n t e n s e  v o r t i c i t y  
5 > 2n 2, the  s o l u t i o n  b e c o m e s  a p e r i o d i c .  

!/1 l 
0 08 . I  

t 

! 
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w 3. An ax ia l  n o n r e l a t i v i s t i c  b e a m .  Solu t ions  for  a 
nonp lane  b e a m  tha t  a r e  s i m i l a r  to t h o s e  in ~ 2 can  be  
c o n s t r u c t e d  on ly  in the  n o n r e l a t i v i s t i c  c a s e .  

3.1. The  e q u a t i o n s  fo r  an a x i s y m m e t r i e  b e a m  have  
the  f o r m  

v0 
Vz ~ + ~-~ = 2,1 (~ + g),  ~]dg = -r~ dpo, 

(3.1) 
Vo ~Q 2 t 0 Oq~ 0~q~ = ~ - r  + p , , r ~ ; r - ~ -  +=~-z~ --4.~p, 

l TI H,  ~=~7'  ~ = T  

w h e r e  H is  a u n i f o r m  a x i a l  m a g n e t i c  f ie ld .  T h e s e  e q u a -  
t i ons  a r e  s a t i s f i e d  wi th  the  a s s u m p t i o n  tha t  V z = V(z) 
and V 0 = V0( r ) ,  i f  we l e t  

r = n P0 r~ + 2 Q In (r / ro) + i/2 V2q -1, 
(3.2) 

Po = coast, Q = coast, 

As  a r e s u l t  we ob ta in  an equa t i on  fo r  V 

(V d V / dz) 2 = 4 g ~ (I  V - -  1/2D o V 2) -~- b, 

b = c o n s t .  

In the  c a s e  of  b = 0, two t y p e s  of so lu t i ons  a r e  o b -  
t a ined :  

z = - ~ -  I (cot - -  sin cot), s = i ,  (3.3) 

z = - -  4n~  I (co t - - sh t0 t ) ,  s = - - l ,  

s = sign P0, d~ = ] 4~lP01, dt = V- ldz .  

Solut ion  (3.3) c o i n c i d e s  wi th  tha t  o b t a i n e d  f r o m  the  
a p p r o x i m a t e  p a r a x i a l  e q u a t i o n  in [9]. H o w e v e r ,  the  
p r e c i s e  cond i t i ons  fo r  r e a l i z a t i o n  of  the  b e a m  in q u e s -  
t ion  d i f f e r  f r o m  the  a p p r o x i m a t e  o n e s  in [9]. F r o m  

(3.1) and (3.2),  we h a v e  e x p r e s s i o n s  f o r  and P0: 

2,1 g = r -2 (V2 f~r 2 + po) 2 - -  

_ l / ~  s t o % 2 - - 4 ~ 1  Q l n r / r  o ( 3 . 4 )  

p 0 = +  P / 4 ( f ~ 2 - - 2  ~ 2 ) r 4 - -  2 ~lQr~] i/~ (3.5) 

In p a r t i c u l a r ,  i f  t h e r e  i s  no c o r e  i n s i d e  the  b e a m ,  
Q--- 0 and 

A T- J ~ - ~ -  2sco 2, 
T ~ = - ~ -  

- - j  
~% = ~ -  [f22 :~ ~ 2so ~ - -  2scoWl, 

w h e r e  J is  the  e l e c t r o n  c u r r e n t , *  wh ich  is  d e t e r m i n e d  
by (1.3). 

3.2. The  so lu t i on  fo r  an i r r o t a t i o n a l  a x i s y m m e t r i c  
b e a m  of  the  f o r m  of (3.3) can  be  e x t e n d e d  to an e l l i p -  
t i c  b e a m  [8]. When a v o r t e x  is  i n t r o d u c e d  into s u c h  a 

* The n o n r e l a t i v i s t i e  b e a m s  c o n s i d e r e d  in w 3 and 4 
a r e  i n t e r p r e t e d  h e r e  as  s i n g l e - f l o w  b e a m s .  



b e a m ,  t h e  s o l u t i o n  s = - 1  c a n  b e  r e a l i z e d .  

e x a m p l e ,  

p ~r = V l l  X --}- V12 g ,  p ~ = 'v~l x + v~  g,  

2*lg = % : x  ~ + 2 a u x g  + % ~ g ~ ,  

L e t ,  f o r  

w h e r e v  n ,  . . .  a n d a  n ,  . . .  a r e  c o n s t a n t s .  F r o m  t h e  

e n e r g y  i n t e g r a l  

V~ ~ = 2 r  I q )  = 2 r  I ( q o + g ) - v ~  ~ - V u ~ ,  

V x = - - : l ~  f t y - F p ~ , V v = t / ~ . f ~ x - [ - p ~ ,  (3 .7 )  

w h e r e  H z = ( e / ~ )  a i s  a u n i f o r m  m a g n e t i c  f i e l d ,  i t  f o l -  

l o w s  t h a t  

d ~Oo/dz  ~ = 4 a ( p i p 0 ) ,  

22- 

H e n c e ,  c o n s i d e r i n g  t h e  e x p r e s s i o n  p = I / V  z ,  i t  i s  n o t  

d i f f i c u l t  to  o b t a i n  ( 3 . 3 ) ,  s i n c e  P0 c a n  b e  m a d e  n e g a t i v e  

b y  t h e  c h o i c e  o f  u~2 a n d  u21. In  t h i s  c a s e ,  t h e  e q u a t i o n s  

f o r  t h e  v o r t e x :  

( _ (op,,  op t )  o~ Opu op~ ~ oge gx , 
~ 1 ~  = Vv Ox ~ / ' Oy Oz Oy 

i m p o s e  f o u r  c o n d i t i o n s  o n  t h e  s e v e n  a r b i t r a r y  c o n -  

s t a n t s  b ' l l ,  Ofl l  , . . . .  In  p a r t i c u l a r ,  vi i  = - u 2 1 ,  w h i c h  

m e a n s  t h a t  t h e  v e l o c i t i e s  Vx  a n d  V y  a r e  s o l e n o i d a l .  

3.3. It is interesting to note the solution for an irrotational beam 
with a nonsolenoidal velocity in the xy-plane.  If we let v~l = ~z2, 

= 0, and vii+ v~ = v, it is easy to obtain 

I d (l--e-Ot), t =  ida  p = [ = const. (3.8) 
7 -  d~ VT' 

from the continuity equation. 
Considering (3.8), from the Poisson equation and the energy inte- 

gral it is easy to derive an equation for the trajectory z(t): 

d".z _ _ e~: + 4r~q ~ / [ t  - -  e-Vt], 
dr"- v 

2 1 2 u 2 i , 2 ~02=-2v:2 ~ /~q + ~ -~-v~... 

The soht ion  of this equation for the case of (6~/0z)ga=0 = 0 has 
the form 

z - -  4"~rlI [l e-'~t_ v__~_sino)t + v2 (l -- cos ~ot)] (3.9) 

Solution (3.9) has meaning up to the first poin: t i 

exp (--vt 0 = cos tot: - -  (~ / o) sin 6)tl, ~t=t, = 0 

at which a virtual cathode is formed. 

w 4.  A s p i r a l  n o n r e l a t i v i s t i e  b e a m .  B y  s e p a r a t i n g  

t h e  v a r i a b l e s  i n  t h e  s p i r a l  u -  a n d  v - e o o r d i n a t e s  

x Jr- iz = r oexp [ b : u  ~ b ~  v -f- i ( b :  v - -  b~ u)],  (4 .1 )  

r% = (b~: + b~) - :  = eons t ,  

w e  c a n  o b t a i n  d e g e n e r a t e  s o l u t i o n s  f o r  r o t a t i o n a l  b e a m s .  

T h i s  q u e s t i o n  i s  c o n s i d e r e d  b e l o w  a n d  a p p l i e d  t o  a t w o -  

d i m e n s i o n a l  (x ,  z) p l a n e  n o n r e l a t i v i s t i e  b e a m  w i t h  v e -  

l o c i t y  c o m p o n e n t s  (OX/Ox ,  Vy,  O •  a n d  v o r t i c i t y  i n  

-,/ 

F i g .  5 

~.,[ .... 

J 

i 
! i 

35 0 / 2 

F i g .  6 

t h e  c o m p o n e n t  

Vv -= q c - l A y  + p~,, (4 .2)  

T h e  e q u a t i o n s  o f  a p l a n e  b e a m  h a v e  t h e  f o r m  

V 2 A ~  = 0 ,  V ~ - -  4 ~ p , V ( p V % )  - - 0 ,  

2q (~ + ~) = (vx) ~ + L ? ,  ~ d ~ / @ ~  = Vy, 

w h e r e  V i s  d e f i n e d  b y  ( t . 8 ) .  

W e  c o n v e r t  in  (4 .2 )  to  t h e  u -  a n d  v - c o o r d i n a t e s ,  a n d  

l e t  

i t  i s  e a s y  to  o b t a i n  

e -~b:'~ w 2 = 2qOo - -  e>- ." 2~ @ - '49, 

2q xp ~ Vv ~ 2 '* - -  ~ g ' 7 -  A!, = 9.v, (4 .3)  

~l --Up~ = Vv' Ou'-' 7i)  = - 7  (v) e 'v','~'-~'~ 

to =--dx/du,  ~ = cons t .  

If t h e  a r b i t r a r y  f u n c t i o n s  r a n d  J a r e  d e f i n e d  a s  

~P = ab-2a poe - 2 b ' ' @  2b2v O @ % ,  d = 1  e -~t'.~', (4 .4)  



where P0, Q, I, and r a re  cons tan t s ,  we obtain 

d~ ~- 4b'~2d) -- 4~T e2b"~-- 4~..po, w = e~b"* V 2 ~ "  (4.5) 

The cases  of polar  s y m m e t r y  (r ,  y, and 0) t ha t fo l -  
low f rom (4.5) appear  the s imples t .  

4.1. In the case of an az imutha l  dependence 

b 1 = 0 ,  b2 -~ t / r  o, r = r o e x p ( v l r o )  , 0 = al to,  

it  follows f rom (4.5) that 

d 2 0 / dO ~ + 4 t-I) = (4.6) 

= 4 n l r ~ o ( 2 ~ l q ) ) - ~ 2 - - 4 n P o r ~ o  �9 

When P0 = 0, Eq. (4.6) becomes  the known equat ion 

for a beam with one ve loc i ty  component  (Vy = 0) [10]. 
F r o m  (4.6) follows the in teg ra l  

w ~ ( d w / d O ) 2 = b - - U '  U = - - w 4 + ~ w ~ - - w '  (4.7) 

w -~ ] / 2 ~ l ( ~ / V o ,  ~ =--- p o V o / 2 I ,  

Va0 - -  8 n ~l Ir2o �9 

Figure  5 shows the potent ia l  well  U as a function of 
ft. In the case of b = 0, we have solut ions  U(wm) = 0, 
per iodic  in 0, for any fi with ampli tude Wm and wave-  
length 

lo m 

V~dw (4.8) 2 
J V t - ~ w - , ' 8  
o 

If the beam occupies  the en t i re  p lane ,  the wave pe -  
r iod  w(0) m u s t  be a mul t ip le  of 27r, as is a r b i t r a r i l y  
r e p r e s e n t e d  by the points  in Fig. 6. In p a r t i c u l a r ,  for 
fi = 0 p r e c i s e l y  one value (k = 3) is found. 

In an az imuthal  beam,  the geomet r i c  effect (the 
t e r m  4~ in (4.6)) is  s t ronge r  than the vor tex  effect,  
and (4.6) de sc r i be s  the per iodic  solut ions  even for ne-  
gat ive P0. The e x p r e s s i o n  for ro ta t iona l  m o m e n t u m ,  
which follows f rom (4.3) and (4.4), has the form 

p v - ~  

-- ~2 v - i - 2 b o ~  Q/  ~ - - ( n ~ l p ~ / b ~  ~2)exp (--262v). 

In the opposite case of a rad ia l  dependence:  

b~ = 0 ,  b 1 = t / r 0 ,  r = r 0 exp(u / ro) ,  0 = u / r 0 ,  

the p rob lem reduces  to the equation 

$ f-3h-u ) -b 4~pod) = 4~1 ~-  

d x  2qq) ~ ~u" 
(4.9) 

A per iodic  solut ion cannot be cons t ruc ted  he re  for 
~ ,  s ince  the effect of • i n c r e a s e s  monotonica l ly ,  and 
there  is only one point  X = 0 where the v i r tua l  cathode 
can be placed when b = 0: ~ = d~ /dr  = 0. 

4.2. It is  i n t e r e s t i n g  to note the solut ion for an J r -  
ro ta t iona l  plane beam in a magnet ic  f ield of the fo rm 

~ y ~ Aeb~% A ~ Aoc~  + Bos inb2u '  (4.10) 

which is similar to the solution for a rotational beam 
outside a magnetic field. 

In fact, if we let g = py= 0 anddx/du= w(u) in(4.2) 
and take (4.10) into account, it is easy to obtain in 
spiral coordinates 

( A~ ) e-2b'% (4"11) p = J ( v ) / w ,  e-2b,Uw2=2vl(]), ~p= ( I ) + - - ~  _ 

Oeq~ 
~- ~ = 4rip exp (--  2blu - -  262v). Ou~ 

Let J(v) be defined by {4.4). Then f rom (4.10) and 
(4.11) we have an equation that coincides with (4.5), 
where the constant  P0 is defined in t e r m s  of the a m -  
pl i tude of the magne t i c  potent ial  

~14a Po :b~2(A20 +B20) ~ 0 .  (4.12) 

In p a r t i c u l a r ,  for an az imuthal  beam (b 1 = 0) we 
can cons t ruc t  a solut ion in the form of (4.7) for pos i -  
t ive/3.  

Thus ,  the effect of vor t i c i ty  in the genera l i zed  
m o m e n t u m  of a plane beam is equivalent  to the com-  
pensa t ing  effect of a per iodic  magne t ic  field on an 
i r ro t a t i ona l  plane beam with the same  geometry .  

I thank A. N. Ievlev for a s s i s t ance  in the computa-  
t ional  and graphic  work. 
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